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A combination of the concept of unit subduced cycle indices (USCIs) and the Redfield-Read superposition
theorem affords a new methodology of enumerating geometrical objects such as molecules and polyhedra.
This method allows us to enumerate such objects with respect not only to their constitutions but also to their

symmetries, in which subduced cycle indices (SCIs) derived from USCIs play an important role.

Further

derivation of a cycle index from the SCIs and its incorpotation with the superposition theorem are also
discussed. The inverse of the mark table and the table of USCIs for D24 point group are presented for further

applications of the USCI approach.

Graph-theoretical approaches have contributed to
physical and theoretical chemisty, since chemical
structures are represented by a kind of graphs.V
Thus, various applications of graph theory have been
reported in chemical field.2=9 One of the most im-
portant contributions is the systematic enumeration of
chemical structures, in which group theory and com-
binatorics are incorporated.®” Thus, the Polya-Red-
field theorem has been widely utilized to solve most
enumeration problems.8-11) An alternative formula-
tion of the Pélya-Redfield theorem has been reported
by Kerber et al.!2 We have recently applied the
Pélya-Redfield theorem to the enumeration of
organic reactions after slight modification.13-16)

Ruch et al.1718) applied double coset decompositions
to counting chemical structures and rearrangement
reactions. Davidson!? pointed out that such prob-
lems can be solved by using the Redfield-Read super-
position theorem, which was originally established by
Redfield,!?) rediscovered independently by Read20
and later refocussed by several mathematicians.21,22
Lloyd?® actually applied this theorem to chemical
enumerations. All of these methods are capable of
enumerating chemical objects with respect only to
their weights (molecular formulas).

On the other hand, more detailed enumerations
concerning such weights as well as symmetries have
been developed by several authors. For example,
Sheehan,2¥ and later Hisselbarth? presented a
method using a table of marks which came from
Burnside.2®) Brocas?” proposed a method combining
double cosets and framework groups. Mead?®
reported an alternative formulation by connecting
tables of marks and double cosets.

We ourselves?? reported a new enumeration method
based on unit subduced cycle indices (USCIs). The
USCIs can be transformed into a cycle index which
has an explicitly different form but is essentially
equivant to Poélya’s cycle index.3®) The USCI
approach has been applied to various enumeration

problems.31-383)  Although this method is effective to
chemical enumerations as well as to the related geo-
metrical or graph-theoretical enumerations, there still
remain some apparent disadvantages. The USCI
approach requires a table of USCIs for every point
group; however, such tables are available at the
moment only for a limited number of point groups.
The evaluation process of fixed points in this
approach is based on the expansion of generating
functions; this process should be simplified for some
purposes. In a continuation of our work, we will
give the table of USCIs for Ds¢ groups and indicate
that a combination of the USCI approach and the
Redfield-Read theorem provides a new methodology
of solving the latter problem.

The USCI Approach

This section is devoted to giving a minimum set of
equations for the present formulation. Let G be a
finite group. Suppose that G; is a representative of
conjugate subgroups of G. We consider a set of such
representatives,

SSR ={G, Gq, ..., G4}, (1)

where each element is not conjugate to any other
element and where G; is an identity group and G,=G.
Each element of the SSR is associated with a coset
representation, G(/G;), which comes from the corre-
sponding coset decomposition of G by G;. The coset
representation (CR) is transitive permutation repre-
sentations. A set of CRs,

SSR ={G(/G1), G(/Ga), ..., G(/Gs)}, @

is a complete list of such transitive permutation
representations. Any permutation representation
(Pg) acting on a domain (4) can be reduced into a sum
of CRs in the light of

Pc=3 a:iG(/G), 3)

=1
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where @i(0) is the multiplicity of G(/Gi). If we
restrict the elements within the subgroup Gj, the
resulting subduced representation (SR), G(/G;)!Gj,
becomes an intransitive representaion of the subgroup
G;. This means that the SR can further be reduced in
the sum of CRs of G; in terms of

G(/G))! G,-=Z:1 B{NGi(/Gjx), (4)

for i=1, 2, ..., s and j=1, 2, ..., s, wherein Gjz is a
subgroup G; and the multiplicity (8{7) is determined
to be constant.

In the light of Egs. 3 and 4, we define a unit
subduced cycle index (USCI), a subduced cycle index
(SCI), and a cycle index (CI).

Definition 1 (USCI, SCI, and CI).

1) A unit subduced cycle index (USCI) corre-
sponding to Eq. 4 is defined as

Y )

Z(G(/Gi) | Gj; day) = H(sap)Pr, (3)
k=1

for i=1, 2, ..., sand j=1, 2, ..., s, wherein
dir=|G;|/ |G| (6)

fori=1,2,...,sand j=1, 2, ..., s,
2) A subduced cycle index (SCI) is defined as

ZI(Gj; s4) =T Z(G(/G) L G 54) (7
(ai7#0)
vy 1 0,857
=1 (s4,03 "’ (8)
=3 busisy? .. she, 9
()

for =1, 2, ..., s, where the cycle structure (u) is repres-
ented by

L+ 2ue+ ... +qug,=|4|. (10)

This cycle structure is dependent upon j; however, this
dependence is not denoted for simplicity.

3) A cycle index (CI) is defined as

CI(G; dek)=Z‘i 21 mii)ZI(Gjs Saie)s (11)
=l =

where m;; is the ji element of the inverse of the mark
table of G.

In this paper, we work out Da¢ point group as an
example. This group has an SSG:

SSRp,, ={G1, Cz, C4, Cs, S4, Cay, D2, Dad}, (12)

Table 1 shows the inverse of the mark table of Daq
point group. The rightmost column collects the
summ of each row, which has been used in the inner-
most parentheses of Eq. 11.

In accord with the first of Def. 1-(1), Table 2 indi-
cates USCIs for Daq.

Suppose that 6; of Xj, 62, of X, ..., and 6}x| of X|x|
are selected from a codomain, X={X1, Xo, ..., X|x|},
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Table 1. The Inverse of the Mark Table

for Dag Point Group

Dyg Dos Dag Da D2y Do Daa Do

(/Cy) (/o) (/C2) (/Cs) (/S4) (/Cay) (/Dz2) (/Dea) Sum”

C: 18 0 0 0 0 0 0 0 1/8
C -1/8 174 0 0 0 0 0o o0 1/8
C; —1/4 0 172 0 0 0 0 0 1/4
C —-1/4 0 0 172 0 0 0 0 1/4
S« 0 —1/4 0 0 172 0 0 0 1/4
Cy 174-1/4 0 —-1/2 0 172 0 O 0
D 1/4-1/4-1/2 0 0 0 172 0 0
Da 0 172 0 0 —-1/2-1/2-1/2 1 0

S —
a) Sum=>'m;;
=1

Table 2. Unit Subduced Cycle Indices
for Dog Point Group

ICi G 1Cs 1C, 1Sy 1Ce D2 IDag

Dou(/C1) 8 55 sy s8 s2 si S5 ss
Doa(/C2) st st 32 2 2 sE sf s,
Dos(/C3) st 2 sl sE S4 S4 st S4

D2a(/Cs) st s2 s3 s¥se  sa S5 sa4 s
Dwu(/Ss) s & s2 s2 £ s sz s
Do(/C2) ¢ s s2 2 s2 S s s
Da(/D2) 83 57 ST sz s2 s2 St &
Doa(/Daa) 1 S1 1 S1 S1 S1 S1 S1

Smi  1/8 1/8 1/4 1/4 1/4 0 0 0

wherein
[6]: 6102+ ... + Ojx = |4]. (13)

The corresponding configuration, f:4—X, has a
weight (molecular formula) of

Wo=X0X% ... XX (14)

The number (pg;) of fixed configurations having Ws
and G; is evaluated by the following lemma.
Lemma 1 (Evaluation of pg;).
A set of such numbers (pg;’s) for the G; subsymmetry
is given as the coefficients of a generating function,
X pgiWo=ZI(Gj; s43), (15)
[6]
where the SCI of the right-hand side is replaced by a
figure-inventory,

h.o
Sax= ﬁ Xk, (16)
r=1

Let the symmbol Ag; be the number of configura-
tions with Wyand G;. If we consider a set containing
all of configurations with W, the Ag; is the number of
orbits within this set of configurations. Hence, this
is obtained in terms of

Theorem 1.

Agi= 73] pojimii (17)
=

for i=1, 2, ..., s. The following example illustrates
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o DZd(I C1 )

° [ ] Dzd(lcs)

enumeration procedures based on the USCI approach.
This approach can be applied to any combinatorial
enumerations, although we select this example from a
chemical field.

Example 1 (Derivatives of an adamantanedione 1).

Let us enumerate molecules derived from an ada-
mantanedione (1). This parent molecule has Dag
symmetry. The twelve hydrogens of this molecule
are considered to be substitution positions which are
replaced by X, Y, or Z. These twelve positions are
divided into two orbits which are denoted by solid
circles (4 bridgehead positions) and open circles (8
bridge positions). The assignment of CRs to these
orbits can be accomplished by examining a fixed-
point vector (FPV). In this case, we can obtain
FPV=(12002 00 0 0) by inspection of 1. This FPV
is multiplied by the inverse of the mark table (1) to
give (100100 00), which indicates

P1=Day(/C1)+Daos(/Cs). (18)

Obviously, a set of the 8 bridge positions is subject to
D24(/Ci1) and that of the 4 bridgehead positions is
governed by Dgs(/Cs). Hence we adopt USCIs
appearing at the Daa(/C1) and D2qa(/Cs) rows of Table
2. Inaccord with Eq. 7, we construct an SCI for every

\__._.__JO
C2
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subgroup of the SSG:
for Cu: (sY)(s1) = (x+y+z)12 (
for Cp:(s3)(s§) = (x2+y2+22) (
for Gy’ : (s3)(s3) = (x2+y2+22)8 (
for Cs: (s8)(ssy) = (xyF2)2(x2+y2+22)5 (22)
for Sa: (s3)(sy) = (xt+yttzt) (
for Cay: (s2)(s?) = (x2+y2+22)2(x4+yitzt)? (
for Dz (s)(s,) = (xt+yttzt)? (
and

for Daq: (s8)(s4) = (x4+yt+z4)(x8+ys+28). (26)

The left-hand side of each equation denotes an SCI for
each subgroup, in which the first set of parentheses
contains the USCI of the D24(/C1) row and the second
contains the USCI of D2y(/Cs). The righ-hand side of
each equation is obtained by introducing a figure
inventory for this case, s;=xd+yd+z4 in the light of
Lemma 1.

The expansion of the right-hand sides of the equa-
tions affords generating functions, in which the pg;
value with a partition [6]=[61,02,05] (6110210:=12)
and with the G; symmetry is given as the coefficient of
the x0ybz6: term. Obviously, the coefficients for
[01,02,05], [62,03,0:], [65,01,02], [61,03,02], [62,61,63], and
[63,02,01] are equal to each other.

For illustrating a procedure for obtaining the
numbers of isomers, we work out the case of x8y4,
which is alternatively represented by a ligand parti-
tion, [8,4,0]. We collect the coefficients of the x8y*
term after the expansion of the above generating func-
tions. We thereby obtain the FPV for the x8y* term,
i.e., FPV=(4951515153 3 31). This FPV is multi-

0
Uiéé;gﬁz; ciéiigﬁi; ci%éggigi
|
0 0
Dy D2d

Cov

e

Fig. 1.

[8,4,0]-Molecules derived from adamantane-2,6-dione.
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Table 3. Number of Compounds Derived
from the Skeleton (1)

Ligand Number of isomers with Total
partition C: C; C; G Si Cz D2 Dyg o
[12,0,0] 0 0 0 0 0 0 0 1 1
[11,1,0] 1 0 0 1 0 0 0 O 2
[10,2,0] 5 1 3 2 0 1 0 0 12
[10,1,1] 16 0 0 I 0 O 0 O 17
[9,3,0] 2 0 0 5 0 0 0 O 30
[9.2,1] 8 0 0 5 0 0 0 O 85
[8,4,0] 54 2 6 6 1 1 1 1 72
[8,3,1] 245 0 0 5 0 0 0 O 250
[8,2,2] 353 7 15 14 0 1 0 0 330
[7,5,0] 94 0 010 0 0 0 O 104
[7,4,1] 490 0 0 10 0 0 O O 500
[7,3,2] 980 O 0 20 0 0 O O 1000
[6,6,0] 104 4 10 8 0 2 0 O 128
[6,5,1] 688 0 0 10 0 0 O O 698
[6,4,2] 1696 14 30 28 0 2 0 O 1770
[6,3,3] 2300 0 0 20 0 0 0 0 2320
[5,5,2] 20646 0 0 30 0 0 0 0 2094
[5.4,3] 3450 0 0 30 0 0 O 0 3480
[4,4,4] 4278 18 42 42 3 3 3 0 4389

plied by the inverse (Table 1) to give a row vector, (54 2
66111 1), which indicates the numbers in the order
of the SSG. This means that, as XgYs-isomres, there
emerge 54 C; (asymmetric) isomers, 2 Cg, 6 Cy’, 6 Cs
isomers, one S4, one Cg,, one Dz, and one Dgy isomer.

This type of calculation is repeated over all parti-
tions [0] to give Table 3, in which the intersection
between [61,02,03] and a subsymmetry indicates the
number of isomers.

For the verification of the values in Table 3, Fig. 1
lists isomers with [8,4,0] and symmetries other than
Ci. The present enumeration clarifies both the
molecular formula (or the ligand partition) and the
symmtery of an isomer. Hence, we can easily draw a
concrete structure of the isomer.

Alternative Evaluation of ps;

In the enumeration described in the previous sec-
tion, the evaluation of the pg; value is accomplished by
expanding a generating function (Eq. 15). This
method affords a full list of pg; over all of the [6]
partitions. However, there are many cases in which a
specific case of [6] is to be examined.

Suppose the domain 4 of G symmetry, which is
originally divided in several orbits (3), is restricted
within its subsymmetry G;. This process results in
the subduction of the domain,

P, =31 aG(/G) | G; @27)
=1

which provides the subdivision of the domain repres-

ented by the SCI (Eq. 7 or 8). This SCI indicates a

pattern of occupation of ligands. Although we con-

sider a direct occupation of ligands on this divided

domain in the previous treatment, we here introduce a
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slightly different formulation.

We consider a ligand partition [6] represented by
Eq. 13. Let St be the symmetric group of each ligand
set associated with 8,. We define a cycle index for this
symmetric group of degree 6, as being

CI($(01); s) = 2 n(.,(o,))s;"("')s?‘o’) . Sol'fr(er)’ (28)

;! (o)
where the cycle structure (v(6;)) is represented by
((8,)) : 1v1(6,) + 2v2(8,) + ... + 6,5,(6,) = 6, (29)
and where
0,!

N(u(6,) = . (30)
1400 p1(6,)12246)2(6,)! ... 60rCrlyg(9,)!

We can construct a direct product of such symmetric
groups, i.e.,
H = $60X $6 X ... X $61x), 31)

where $(6) is effective only if 6, is positive.
The cycle index of the direct product (Eq. 31) is the

product of the cycle indices of the factors. Hence, Eq.
28 affords
1X|
CI(H; 5) =TT CI($60; s) (32)
=30 aussy .. sha, (33)

(1)

where the cycle structure (u) is given by Eq. 10.

Now, we consider a superposition of Pg; (Eq. 27)
and H (Eq. 31), both of which act on 4. When we
apply an operation (*) introduced by Read,?0 we
obtain

CI(H; ) * ZI(G;; s43) =
N aubu(lmpi26ul ... qrapg!)syish? ... sha, (34)

for =1, 2, ..., s. Note that the SCI (Eq. 8) is a mo-
nomial. Hence, the corresponding equivalent
expression (Eq. 9) indicates that b,=1 for only one
specific cycle structure (u@) given by the SCI; other-
wise bu9=0. This superposition affords.

Theorem 2. the pg; value is evaluated by means of

P8 = @y bue(14Ops(6)1260z(0)! ... gra®ug(B)!),  (35)

for j=1, 2, ..., s. The cycle structure (u)) is equival-
ent to the [0] partition represented by Eq. 13.

Now that we have arrived at such an alternative
evaluation of pg;, we introduce this equation to Theo-
rem 1 in order to obtain the numbers (A4g;).

In order to illustrate the present approach, we reex-
amine Example 1.

Example 2 (Enumeration based on a combinaion of
the USCI approach and the superposition theorem).

Let us obtain the number of XsY4-isomers with each
subsymmetry which is derived from the parent ske-
leton (1). In this case, we consider

P; = Dus(/G1) | Gj+ Do /Cy) } G; (36)
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according to Eq. 18, where G; is selected from the
SSRp,. This expression corresponds to each of the
SClIs represented by Egs. 19—26.

In accord with the ligand partition [8,4,0] for this
case, we adopt

H = $8X 9, 37)

where $® and $® denote symmetric groups of degree 8
and 4. Their cycle indices are calculated by means of
Eq. 28 to be

CI($®; 5)=

1 1
— s+ — 5157+ — 5256 + — %56 + 5355 + — 515255 +
8 7 12 12 15 10

1 1
— $¥s5+ —— 52+ —s15354 + ——s%ss + — s¥soss + — shsa +
30 32 1 32 16 9
1 1
— $253 + — 515353 + —5353 + —s¥sas3 + —s8s3 +
36 24 36 36 360
-l sh+ —l— sisd+ l—s{sg + l—s‘{sZ + ! 53 (38)
384 96 192 1440 40320
and

1 1 1 1 1
CI($4); s)=—s4+—s153 + — st +—=s¥so +—3st.  (39)
4 3 8 4 24

The multiplication of these cycle indices affords CI(H;
s) according to Eq. 34. Thus, we obtain

CI(H; s) = CI($®); s) X CI($4); s5)

11 1 1 1 1
= F—X—sgsat... +(—><—-+—><——)s§s§+... +

8 4 432 32 9

11 ( 1 1 1 1)

s XX |25+ ... +

TR B A Y YRAPELPP AN i

1 1 1 1

— X — . —— X —si24 (40)

384 8 40320 24

where other non-effective terms are omitted.

We now consider the superposition of Pg,(Eq. 36)
and H (Eq. 37). For C; the SCI is denoted as
(s1)(s3)=s1?, as shown in Eq. 19. The corresponding
term of CI(H; s) is obtained by (1/40320) s$X(1/24)s%,
in which the former comes from Eq. 13 and the latter
from Eq. 14. Equation 35 is applied to this case to
afford

1 1
Poc, = 1121 21X — X ——— =495, (41)
24~ 40320

Similarly, other pg; values are obtained as follows:

1 1
Poc, = 286! X —— X —=15 for Cz of the SCI (s§),  (42)
384 8

1 1
Poc,’ = 266! X —— X —=15 for Cy’ of the SCI (s§),  (43)
384 8

1 1 1 1
Poc,=1221255! X| — X —— +— X —
4 38¢ 8 96

=15 for Cz of the SCI (s2s), (44)
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1 1
Pes, = 4331 X — X —=3 for S4 of the SCI (s3), (45)
4 32
1 1 1 1
Poc, = 2221422 X[ — X — 4+ — X —
4 32 32 96
=3 for Cg, of the SCI (s2s2), (46)
1 1
Pop, = 433! X T X§=3 for Dz of the SCI (s2), 47)
and

1 1
Pep,, = 81114111 X —8— X T =1 for D24 of the SCI (s4s4).
(48)

These are summarized to afford an FPV=(495 15 15 15
3 3 3 1), which is multiplied by the inverse (Table 1).
The resulting row vector (5426 6 111 1) is identical
with the [8,4,0] row of Table 3.

Alternative Formulation of Cycle Indices

The Cycle index (CI) formulated in Eq. 11 can be
proven to be identical with Pdlya’s cycle index,
although their explicit forms are quite different.3
In this section, we illustrate the application of the
present type of CI and its combination with the
Redfield-Read superposition theorem.

Example 3 (Enumeration based on the novel formu-
lation of cycle indices and the superpoition theorem).

Let us reexamine Example 1. The cycle index (Eq.
11) for this case is obtained to be

CI(Dazg; sd)

1 1 1 1 1
=3 (Hish+ 3 (s3)(s3) + " (s3)(s3) + " (s3)(s3s) + Z(Si)(&t)

= —l si2+ ?- S+ ls%sg + Lsi, (49)
8 8 4 4

where the USCIs of each monomial comes from the
D2y(/C1) and Da2q(/Cs) rows of Table 2 and the coeffi-
cient of each monomial is taken up from the bottom of
the same Table. When we introduce the figure
inventory shown in Example 1, i.e. sg=xd+yd+:4, into
the CI (Eq. 50), we obtain

CI(Dag; x4+ yd =+ 24)
= x12+4 2x1ly + 2x11z + 12x10y2 + 1 7x10yz + 12x1072 + 30x9y3
+ 85x9y22 + 30x923 + 72x8y* + 250x8y3z + 390x8y2:2 +-250x8y23
+ 72x8z% + 104x7y5 + 500x7y4z + 1000x7y322 + 1000x7y223
+ 500x7yz* + 104x725 + 128x6y6 + 698x6y5z + ..., (50)

after expansion. These coefficients are identical with
the values collected at the rightmost column of Table
3 which are obtained by the direct summantion of the
respective rows.

The following calculation is a direct application of
the superposition theorem;2? however, the present
new formulation of cycle index allows us to apply this
theorem more conveniently than before. We now
consider the superposition of Egs. 50 and 40. This
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operation affords the total number of isomers with the

partition [8,4,0]. The * operation leaves the terms si2,
8, 5253, and s3. Their coefficients are added to be

1 1 1 1 1 3

112] 2] —— X — X —+ 266! — X —X —+

40320 24 8 384 8 8

1 1 1 1} 1 1 I 1
1221255 | ——X—+—X—| X —+ 4331 — X =X —=172,
384 4 96 8/ 4 32 4 4

(51)

This value is identical to the total of the [8,4,0] row
listed in Table 3 and to the coefficient of the x8y* term
of Eq. 51.

Concluding Remarks

An combination between our method based on unit
subduced cycle indices (USCIs) and the Redfield-Read
superposition theorem affords a new versatile metho-
dology for enumerations. Subduced cycle indices
(SCIs) derived from the USCIs are superimposed upon
a cycle index for a given ligand partition [#] in order
to evaluate Pg; values, which are in turn used to
calculate the number of isomers with the [0] partition
and the Gj-symmetry. The superposition between a
cycle index derived from the SCIs and the cycle index
for the ligand partition give the number of isomers
with the [0] partition. The present enumeration
method is exemplified by using a parent Dqq skeleton.
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